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ABSTRACT 
 

This study investigates the geometrical and material design aspects of functionally graded 

(FG) doubly-curved shells. The FG material system comprises a combination of metal and 

ceramic constituents, and the effective properties across the shell thickness are estimated 

using Voigt’s rule of mixtures. To analyze the structural behaviour, the finite element 

method is employed within the framework of third-order shear and normal deformation 

theories. The grey wolf optimization (GWO) algorithm is implemented to achieve design 

optimization. The objective function aims to minimize both the maximum displacement and 

the fundamental dimensionless natural frequency in each optimization process individually. 

The findings indicate that under highly constrained boundary conditions, the curvature 

parameters remain constant. Conversely, for less constrained conditions, the parameter R2 

assumes a value approximately ten times greater than R1. 
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1. INTRODUCTION 
 

Functionally Graded Materials (FGMs) represent a class of advanced composites 

characterized by a continuous and smooth variation in material properties throughout their 

volume. This gradation enhances performance by minimizing thermal conductivity, 

improving corrosion resistance, and reducing stress concentration, thereby mitigating typical 

interfacial issues such as delamination and cracking [1]. Due to these advantageous 
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attributes, FGMs have found widespread applications across various scientific and 

engineering disciplines, including mechanical, aerospace, biomedical, and defense sectors 

[2]. In practical contexts, computational optimization in design plays a pivotal role in 

maximizing the mechanical efficiency and material capabilities of structural components. 
Extensive research has been conducted to examine the mechanical behaviour of doubly-

curved shells. Shah and Batra [3] carried out a static analysis of laminated doubly-curved 

shells using the Finite Element Method (FEM) grounded in Third-Order Shear and Normal 

Deformation Theory (TSNDT). Choe et al. [4] employed the Rayleigh–Ritz method in 

conjunction with Higher-Order Shear Deformation Theory (HSDT) to assess such shell 

structures, while Han et al. [5] explored their vibrational responses through the Differential 

Quadrature Method (DQM). Moreover, Arefi et al. [6] analyzed the static performance of 

doubly-curved FG nanoshells based on a higher-order sinusoidal deformation theory, and 

Fazzolari et al. [7] examined vibration behaviour using a unified framework powered by the 

Generalized Differential Quadrature (GDQ) technique. Further advancements include Kwak 

et al. [8], who proposed a meshless Local Gradient Smoothing Method under First-Order 

Shear Deformation assumptions, and Sofiyev et al. [9], who studied nonlinear vibration in 

orthotropic FG shells. 

In response to increasing demands for lightweight, resilient, and high-performance 

structures in modern engineering, numerous studies have focused on optimization strategies 

to address these challenges [10]. For instance, Salimi et al. [11] optimized the parameters of 

vibration control systems—namely tuned mass dampers and frictional tuned mass 

dampers—using the Multi-Objective Cuckoo Search (MOCS) algorithm. Dadkhah et al. 

[12] adopted the Water Cycle Algorithm (WCA) to refine tuned mass damper configurations 

under drift constraints. Kamgar et al. [13] applied the Grey Wolf Optimization (GWO) 

algorithm to design modified tuned liquid dampers considering soil-structure interactions. 

Etedali et al. [14] utilized MOCS to enhance earthquake resilience in friction isolators. The 

GWO algorithm has proven particularly effective for tackling complex engineering design 

tasks [15]. 

Optimization of composite structures has also garnered significant attention [16]. For 

example, Lieu et al. [17] applied isogeometric analysis combined with an adaptive hybrid 

firefly algorithm for optimizing the shape and size of FG sandwich plates. Wang et al. [18] 

investigated bi-directional FG plate optimization using MOPSO and Generalized 

Isogeometric Analysis (GIGA). Yuan et al. [19] examined initial failure loads in doubly-

curved sandwich shells through a honeybee-inspired algorithm alongside TSNDT-based 

FEM. Ghasemi et al. [20] employed a regenerated Genetic Algorithm (GA) to determine 

optimal buckling loads in polymer composite shells. Imran et al. [21] explored optimal 

design strategies for submerged cylindrical pressure hulls under hydrostatic load via 

analytical and MOGA methods, targeting improved buckling capacity and minimized 

buoyancy. Kaveh et al. [22] proposed two new multi-objective optimization algorithms with 

high-quality solutions in engineering problems. Kaveh et al. [23] resolved the weakness 

points of conventional gradient-based optimization techniques (i.e., getting trapped in local 

optimal solutions and being highly sensitive to initial conditions) by presenting a hybrid 

approach grounded in rigorous mathematical foundations, established principles of structural 

mechanics, and effective stochastic search strategies. 
Additional work by Rahmani et al. [24] utilized MOPSO to derive optimal material 
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distributions in porous FG plates, combining Isogeometric Analysis (IGA) with Carrera 

Unified Formulation (CUF) for mechanical evaluation. Wang et al. [25] proposed a multi-

objective isogeometric optimization framework aimed at maximizing first-order natural 

frequency and minimizing static shape error in piezoelectric FG plates. 

The present study focuses on the optimal design of doubly-curved FG shells. Initially, the 

kinematic relations are established using TSNDT, and the equations of motion are derived 

via Hamilton’s principle. The FEM is implemented to assess both static and dynamic 

responses across various FGM shell configurations. A single-objective GWO algorithm is 

employed to perform optimization targeting either the minimization of displacement or the 

maximization of the first natural frequency. Multiple numerical case studies are presented to 

evaluate the impact of boundary conditions, power-law index, curvature ratio, and geometric 

proportions, with results validated against existing literature benchmarks. 

 

 

2. MATHEMATICAL FORMULATION 
 

2.1. FGMs 

Consider a doubly-curved shell composed of a unidirectional functionally graded (FG) 

material, with a thickness denoted by h, as illustrated in Figure 1. The variation of the elastic 

properties through the thickness direction of the FG material is characterized by the rule of 

mixtures approach, as described in [26, 27]. 

 
The subscripts "bot" and "top" denote the bottom and top surfaces of the doubly-curved 

functionally graded (FG) shell, respectively. The ceramic volume fraction (CVF), denoted 

by cV , can be expressed in the form of a power-law function as follows: 

The parameters h and n denote the total thickness of the shell and the power-law index, 

respectively, where the latter governs the variation of the thickness profile of the 

functionally graded (FG) material. 
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Figure 1: Variation of the elastic properties of the functionally graded (FG) doubly-curved shell 

along the thickness direction [28]. 

 

 

2.2. THE TSNDT FOR A DOUBLY-CURVED FG SHELL 
 

In the present study, a third-order shear deformation theory (TSNDT) is employed to 

investigate the bending and free vibration behaviour of functionally graded (FG) spherical 

shells. The fundamental geometry and coordinate system of the doubly-curved FG shell are 

illustrated in Figure 2. The x and y axes lie along the in-plane directions, whereas the   

coordinate is oriented normal to the shell's mid-surface. The parameters 1R  and 2R

represent the radii of curvature of the shell's mid-surface in the x and y directions, 

respectively. 

 

 
Figure 2: Fundamental geometry of the functionally graded (FG) doubly-curved shell [28]. 

 

In the framework of third-order shear deformation theory (TSNDT), the displacement 

field variables iu  are approximated using a complete cubic distribution along the thickness 

direction, denoted by  , as formulated by [3].  

 

 

In this formulation, the in-plane displacements are represented by the components 1u and 

2u , while the transverse displacement of a point located on the mid-surface of the shell is 
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denoted by the component 3u . Assuming small linear deformations, the corresponding strain 

components can be expressed as follows: 

 

 

The strain vector can be decomposed into two components: the in-plane strain 

components 
p  and the normal strain component n , as expressed below: 

 

By substituting Eq. (3) into Eq. (4), the strain matrix is derived as follows: 

 

 

where O , iZ , and id  represent the differential operator matrix and the Z matrix, as 

defined in Eq. (7).  
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The displacement vector is expressed as follows: 

 

 

 

The stress–strain relationships for the functionally graded (FG) shell are formulated 

based on Hooke’s law, assuming the material behaves in a linear elastic manner. 
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where 
ijklC denotes the fourth-order elasticity tensor, which, for functionally graded 

materials (FGMs), can be expressed as: 

 

Similarly, the stress vector comprises six components, which are classified into in-plane 

and out-of-plane (normal) stresses as follows: 

 

Hamilton’s principle is employed to derive the governing equation of motion and the 

corresponding boundary conditions for the functionally graded (FG) shell. Here,   

represents the mass density, q denotes the external work, and the dterms indicate velocity 

components in the x, y, and  directions, respectively. The stiffness (
e

ijK ) and mass matrix (

eM ) of each element can be computed as follows. Also, the work done by external work (
eF ) can be derived as follows: 
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3. OPTIMIZATION METHODOLOGY 

 
3.1. Grey wolf optimization algorithm 

The GWO algorithm studied here is a single-objective optimization algorithm inspired by 

the natural process of four gray wolves hunting based on three main hunting steps (i.e., 

search, siege, and attack) [29]. In fact, the social hierarchy of wolves is considered here to 

design the GWO algorithm. In this algorithm, the first, second, and third solutions are 

named as α, β, and δ, respectively, while the other candidates are considered as ω [29]. The 

three above-mentioned wolves (i.e.,  α, β, and δ) are followed by the wolves Y as the 

following equation [29]: 

 

 

In Eq. (13), A and C show the coefficient vectors that can be calculated. Also, the 

parameter pY (l)  represents the position of the wounded [29]. 

 

where a shows a scalar parameter that reduces from two to zero during the repetition, 

also, two random vectors (i.e., 1r  and 2r ) are considered to be between zero and one. Finally, 

in the GWO, the three best solutions are stored in the optimization process. In contrast, the 

other wolves are forced to update their positions based on the best solutions. The following 

equations are used to achieve this aim. Therefore, a random position in a circle defined by α, 

β, and δ approximates the final position [29]. 

 

 

The detailed information for implementation in the optimization problem can be found in 

Ref. [29]. 
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4. RESULTS AND DISCUSSION 

 
4.1. Optimization problems 

In this subsection, the results of the optimization problems are presented. It is noteworthy 

that all computations were performed on a system equipped with an Intel(R) Xeon(R) E5-

2680 2.40 GHz processor and 128 GB of RAM. The formulation of the optimization 

problem, including the upper and lower bounds and the various constraint scenarios 

considered, is defined as follows: 

 

According to Eq. (16), the optimization process aims to identify the optimal parameters 

for the geometry of shell structures, specifically, R1 and R2, which represent the curvature of 

the shell's middle surface in the x- and y-directions, respectively, as well as the material 

configuration across the shell thickness, denoted by n. The objective functions in this 

process involve minimizing the normalized displacement and maximizing the first 

dimensionless frequency of the functionally graded (FG) shell. 

It is assumed that the shell consists of a composite material made from stainless steel 

(SUS304) and alumina (Al₂O₃). The corresponding material properties are presented in 

Table 1. Tables (2-4) summarize the results obtained from the optimization process using 

various methods considered. 

Table 1: Isotropic mechanical properties of the FGMs 

Properties  E (GPa)  (kg/m3) 

Material [30] 
SUS304 201.04 0.3262 8166 

Al2O3 349.55 0.24 3800 

 

For all scenarios (i.e., boundary conditions, a/h ratios, and objective functions), the 

power index values are equal to zero, which means that fully ceramic material (i.e., a 

material with more stiffness and low density) shells have been used throughout the thickness 

direction. The curvature values (i.e., R1 and R2) are constant when the boundary conditions 

are more constrained. In contrast, the values of R2 are ten times R1 for less restricted 

boundary conditions (i.e., SFSF, SFSS, SFSC, and CFCF).    
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Table 2: The obtained results for the GWO problem for a/h=100 

B.C. 
O.F 1 O.F 2 

R1 (m) R2 (m) n V.O.F R1 (m) R2 (m) n V.O.F 

CCCC 1 1 0 0.0005 1  1 0 104.7109 

SCSC 1 1 0 0.0009 1 1 0 101.5538 

SSSC 1 1 0 0.0011 1 1 0 98.0776 

SSSS 1 1 0 0.0011 1 1 0 96.2968 

CFCF 1 10 0 0.0023 1 1 0 37.4748 

SFSC 1 9.9932 0 0.0350 1 2.1832 0 14.2269 

SFSS 1.014 1.014 0 0.9962 2.1605 2.1605 0 4.5897 

SFSF 1.0166 1.0166 0 1.0976 1.6504 1.6504 0 4.0163 

Table 3: The obtained results for the GWO problem for a/h=20 

B.C. 
O.F 1 O.F 2 

R1 (m) R2 (m) n V.O.F R1 (m) R2 (m) n V.O.F 

CCCC 1 1 0 0.0165 1 1 0 27.9765 

SCSC 1 1 0 0.0237 1 1 0 23.0304 

SSSC 1 1 0 0.0290 1 1 0 20.8934 

SSSS 1 1 0 0.0314 1 1 0 19.9035 

CFCF 1 10 0 0.0451 1 1 0 17.8105 

SFSC 1 10 0 0.6104 1 10 0 5.2731 

SFSS 1.181 1.181 0 1.2440 1.5777 1.5777 0 3.9379 

SFSF 1.0517 1.0517 0 1.4021 1.2590 1.2590 0 3.3959 

 

Table 4: The obtained results for the GWO problem for a/h=10 

B.C. 
O.F 1 O.F 2 

R1 (m) R2 (m) n V.O.F R1 (m) R2 (m) n V.O.F 

CCCC 1 1 0 0.0573 1 1 0 16.3948 

SCSC 1 1 0 0.0850 1 1 0 13.1659 

SSSC 1 1 0 0.1075 1 1 0 11.6882 

SSSS 1 1 0 0.1243 1 1 0 10.8538 

CFCF 1 10 0 0.1347 1 1 0 10.5812 

SFSC 1 10 0 1.1647 1 10 0 3.8476 

SFSS 200 2000 0 1.4489 1.6666 1.6666 0 3.5460 

SFSF 200 2000 0 1.6852 1.2453 1.2453 0 2.9658 
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5. CONCLUSION 
 

This paper explores the material and geometric optimization of functionally graded (FG) 

doubly-curved shell structures. A mathematical model based on the Third-Order Shear and 

Normal Deformation Theory (TSNDT) is developed to analyze the bending and vibrational 

behaviour of these structures. The finite element method (FEM) is employed to compute 

deflections and natural frequencies. Voigt's rule of mixtures is applied to characterize the 

through-thickness behaviour of FG materials. A single-objective Grey Wolf Optimizer 

(GWO) is used to optimize both the curvature and material distribution in FG shells, 

targeting two distinct objectives: (i) minimization of maximum central deflection and (ii) 

maximization of the first natural frequency. The study incorporates both normal and shear 

deformation effects without using shear correction factors. The results show that an increase 

in the curvature ratio (R₂/R₁) leads to a rise in deflection and a reduction in the fundamental 

natural frequency. Also, under GWO optimization, varying boundary conditions and a/h 

ratio result in different curvature profiles, although the power-law index remains unchanged 

across objective functions. In addition, with more constrained boundary conditions, the 

curvature parameters R₁ and R₂ remain constant. Conversely, for less constrained setups 

(e.g., SFSF, SFSS, SFSC, and CFCF), R₂ is approximately ten times greater than R₁. 
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